An essential step toward constructing the genotype-phenotype map is to understand how DNA polymorphisms affect variation in a phenotype by perturbing transcripts, metabolites and proteins[@b1]. There has been an avalanche of genomic studies that characterize gene expression and its roles in linking genetic variants to phenotypic formation[@b2][@b3][@b4][@b5][@b6]. The functional consequences of gene transcripts are usually studied by first clustering their expression data into categories on the basis of functional similarity. Increasing research has been focused on understanding how changes in gene expression are encoded by expression quantitative trait loci (eQTLs) that are involved in particular biological processes[@b7][@b8][@b9]. Although many approaches have been developed for gene clustering and eQTL mapping, an integrative framework by which to chart a clear picture of genetic mechanisms regulating the function of gene expression has not been constructed. Such integration will not only facilitate our mechanistic understanding of differentiated gene expression in response to environmental clues, but also potentially increase the statistical power of genetic dissection of gene expression.

Here we established a unifying framework for simultaneously mapping eQTLs and clustering gene expression profiles in a segregating mapping population. A typical eQTL mapping data is composed of an *m*-dimension of gene transcripts for a set of individuals (*n*) genotyped by a *p*-dimension of DNA markers. The central idea of our framework is to class the *m*** × ***n* matrix into different latent blocks by each eQTL located within a pair of flanking markers. In computer science, a so-called block mixture model has been proposed to address such a row-column independent hierarchical clustering problem[@b10][@b11][@b12]. Based on the block mixture model, Kuruppumullage[@b13] formulated a composite likelihood to obtain statistical specification and estimation of latent variables and blocks. We integrated unsupervised gene expression pattern discovery and interval mapping within the composite likelihood framework and further implemented the two-layer EM algorithm to localize the genomic locations of eQTLs and estimate their genetic effects on gene clustering and function. We proved the consistency of the latent class assignment function when the number of observations tends to infinity. The model was validated through simulation studies and by new discoveries from reanalyzing genetic and genomic data collected in a mapping population of *Caenorhabditis elegans*[@b5].

The new model classifies different genes into distinct clusters and estimates expression amounts of each cluster for different genotypes at an eQTL detected. Therefore, the model can characterize how individuals eQTLs regulate the pattern of gene differentiation. By reconstructing the regulatory networks among gene clusters, the model provides results that facilitate our mechanistic understanding of how gene expression is mediated in response to developmental and environmental clues.

Results
=======

We used the new model to reanalyze a real example for genetic mapping of gene expression in *Caenorhabditis elegans* by Kruglyak's group[@b5]. In a mapping population of 208 recombinant inbred advanced intercross lines from a cross between a laboratory strain (N2) and a wild isolate (CB4856) from Hawaii, 1455 SNP markers were genotyped and 20,401 transcripts measured. The microarray data, preprocessed through a normexp background correction, were normalized using quantile standardization. The transcripts with sample standard deviations \< 0.9 were removed, after which we obtained a total of 5,450 transcripts for further modeling and analysis.

Optimal number of gene clusters
-------------------------------

A mixture model has been used for gene clustering. A traditional approach is to classify all genes on a single genotype into different clusters based on their similarity. To cluster genes on multiple genotypes, expressed as a 208** × **5450 data matrix in our example, a Gaussian block mixture model is implemented and solved, with composite likelihood BIC as a model-selection criterion. In order to obtain the global maxima, multiple initial values were selected and compared. To the end, we obtained the composite likelihood BIC values under different numbers of gene clusters, from which the optimal number of gene clusters was found to be 43 ([Fig. 1](#f1){ref-type="fig"}). The estimated optimal cluster number from the block mixture model is a consequence of the interactions between gene expression differences and genotypic differences.

Detecting eQTLs for gene clustering
-----------------------------------

The effect of an eQTL on gene clustering can be characterized by testing whether any one of the clusters has different mean values of gene expression between two genotypes at this eQTL bracketed by a pair of flanking SNPs. If such a difference is significant, then we claim that this eQTL is significantly associated with gene clustering. We implemented this testing procedure to scan all SNPs across six chromosomes of the *C. elegans* genome, obtaining a total of 52 clustering-related eQTLs, with 2, 2, 27, and 21 distributed on chromosome II, III, IV, and X, respectively ([Fig. 2](#f2){ref-type="fig"}). Chromosome IV has three distinct eQTL spots, labeled as IV~1~, IV~2~, and IV~3~, of which IV~2~ and IV~3~ were also observed by a simple single marker/single gene association analysis in Rochman *et al.*'s (2010) original study whereas IV~1~ and IV~2~ observed by Chun and Keles's multivariate sparse partial least squares regression (M-SPLS) regression[@b14]. Of the two eQTL spots detected on sex chromosome X from our approach, one, denoted as X~1~, was detected by the simple association analysis and the other, denoted as X~2~, detected by M-SPLS regression. The results from our approach cover different results detected by the two existing ones, respectively, suggesting that our approach is more general for eQTL mapping. A spot in chromosome II, labeled as II~1~, and a spot in chromosome III, labeled as III~1~, were detected only by our approaches, demonstrating its statistical power.

Pleiotropic eQTLs and eQTL × cluster interactions
-------------------------------------------------

An eQTL may be only responsible for a particular set of gene clusters. Through hypothesis testing (*ii*), we obtained the number and type of gene clusters that are controlled by each eQTL detected ([Fig. 3](#f3){ref-type="fig"}). If an eQTL simultaneously affects more than one cluster, this eQTL is thought to be pleiotropic. The number of gene clusters affected by an eQTL is used to define the pleiotropic capacity of this eQTL. Spot IV~1~ and IV~2~ contains many strongest pleiotropic eQTLs, affecting the largest number of clusters (15--28), followed by those in II~1~ (18--23), X~1~ (16--20), IV~3~ (14--18), X~2~ (9--20) and III~1~ (11) in order. Different eQTL spots may affect the same gene clusters, but with a large variation; for example two different spots may affect the same clusters as many as 28 or as few as 0. These similarities and differences of pleiotropic control by eQTLs are related to the genetic machineries of developmental modularity.

It can be seen from [Fig. 3](#f3){ref-type="fig"} that a single cluster may be controlled by multiple eQTLs although some involves more eQTLs than others. Cluster 28 is controlled by the largest number of eQTLs, whereas cluster 30 includes the smallest number. Most pairs of clusters share the same eQTLs as the common genetic basis for the correlations among these cluster pairs. An eQTL may pleiotropically affect two different clusters, but the magnitude of its effect may vary from one cluster to other, leading to significant eQTL** × **cluster interactions. From hypothesis test (*iii*), we found that all significant eQTLs detected display pronounced interactions between genotypes and clusters. An eQTL may interact with clusters by changing the magnitude or direction of gene expression values between different clusters. Also, the same eQTL may exert genotype** × **cluster interactions with different patterns over different cluster pairs. For example, eQTL IV~2~ 6260291 displays genotype** × **cluster interactions through difference in the magnitude of its genetic effect on cluster 3 and 23 but in the direction of its genetic effect on cluster 11 and 24 ([Fig. 4](#f4){ref-type="fig"}).

Direction-varying interactions are more ubiquitous and stronger than magnitude-varying interactions. [Figure 5](#f5){ref-type="fig"} illustrates the numbers of eQTLs that display magnitude- and direction-varying genotype** × **cluster interactions over cluster pairs. Direction-varying interactions pervade cluster pairs, showing a considerable amount of genotypic variation in the differentiated expression of different clusters related to particular biological functions.

eQTLs for cluster structure and network
---------------------------------------

We obtained 43 distinct clusters, but these clusters may have complex mutual relationships. Our approach allows us to test how an eQTL controls the structure of relationships among the clusters. Through hypothesis test (*iv*), we elucidate the difference in cluster relationships between different genotypes at a particular eQTL detected. [Figure 6](#f6){ref-type="fig"} shows two examples in which two eQTLs from spot VI~1~ and X~1~ affect the structure of clusters. Some clusters are close to each other in one genotype, but they tend to be far away in the alternative genotype at the same eQTL.

The mutual relationships among all clusters can be expressed in terms of co-expression networks. Overall, 43 clusters form a complex web of mutual relationships, with some clusters being more closely related with each other than with others ([Fig. 7A](#f7){ref-type="fig"}). The fundamental structure and organization of this web are controlled by eQTLs. For example, the genotype of eQTL VI~1~ 6461993 inherited from parent CB4856 (a wild isolate) is much more sparse in network structure, compared with the alternative genotype from parent N2 (a laboratory strain) ([Fig. 7B](#f7){ref-type="fig"}). In the genotype composed of the CB4856 alleles, cluster 40 only displays a few weak connections with other clusters, but this cluster connects with many more other clusters much more strongly. Similar discrepancies can be seen for other clusters. In a second example, where the two genotypes at eQTL X~1~ 16327274 are compared, the mutual connectivity of all clusters within the network exhibits strong genotype-dependent differences ([Fig. 7C](#f7){ref-type="fig"}), showing the impact of this eQTL on the structure of gene expression network.

Result validation by computer simulation
----------------------------------------

We performed simulation studies to demonstrate the satstiatical properties of our newly developed block mixture model. We simulated a backcross mapping population of *n* = 208 progeny by mimicking the example used above. For all these progeny, the classification of simulated normally distributed 5,450 transcripts into 43 clusters was assumed to be controlled by an eQTL located at 24 cM from the left end of a linkage group. The linkage group is 50 cM long, composed of six evenly spaced markers. The position at which the largest composite likelihood ratio test statistic is obtained is viewed as the estimate of the eQTL position. The simulation and estimation were performed 500 replicates, obtaining the maximum likelihood estimates of all parameters and their sampling errors. The results suggest that the number of gene cluster can be correctly estimated; among 500 simulation replicates 480 (96%) obtained the correct estimate of gene cluster number ([Supplementary Table S1](#S1){ref-type="supplementary-material"}). The estimates of all model parameters are reasonably unbiased and precise. The proportions of each gene cluster can be well estimated, even for those with a low proportion. The position of the eQTL was estimated as 23.70 ± 1.17, in an agreement with true position 24. Genotypic values of each gene cluster were reasonably estimated, showing that the block mixture model is powerful for the estimation of genetic effects by an eQTL.

We compared the performance of the new model with those of existing approaches, mixture over marker[@b15] and multivariate sparse partial least squares regression[@b14], through additional simulation. The new model shows much higher power of detecting a significant eQTL than existing approaches ([Fig. 8](#f8){ref-type="fig"}).

Discussion
==========

To better respond to environmental perturbations, the organism would modify their developmental and physiological programs through regulating and coordinating the pattern of its gene expression across various cell and tissue types[@b6][@b16]. Because of this underlying mechanism, analysis and modeling of differentiated expression profiles of genes have been widely used as an essential procedure to unravel the biological organization and function of living organisms. As one of the first steps in gene expression analysis, clustering is aimed to classify genes into different clusters on the basis of their similarity and dissimilarity in terms of biological function[@b17]. Because different genes are often co-expressed in facing environmental stimuli, an increasing body of studies has explored the reconstruction of transcriptional gene regulatory networks in which causal relationships of different genes can be elucidated[@b18][@b19]. The pattern of how genes are expressed singly or jointly with other genes in a complex manner to achieve biological functions is attributed to polymorphic regions of the genome, which are known as expression quantitative trait loci (eQTLs). The identification of eQTLs, as one of the hottest topics in current genomic research, has been instrumental in shedding light on the genetic mechanisms underlying various biological and biochemical processes[@b6][@b20][@b21][@b22][@b23].

Despite these developments of gene expression analysis, however, there has been no study that can integrate the strengths of gene clustering, network construction and eQTL mapping into an organizing framework. In this study, we have developed this framework by implementing a block mixture within a genetic mapping setting. While traditional eQTL mapping can identify specific eQTLs responsible for the expression of individual genes[@b5], the new model can characterize how eQTLs regulate the similarity and dissimilarity of gene expression and the causal network of different genes. This new model displays a tremendous methodological breakthrough embodied in the two following aspects: First, existing gene clustering approaches classify tens of thousands of genes recorded on a single biological entity, such as a cell type, an organ, a treatment, or an individual. Although considerable efforts have been made to cluster genes simultaneously on several entities[@b24][@b25][@b26], no studies thus far have been able to tackle gene clusters on a high-dimensional set of entities which contain unknown latent components. The new model capitalizes on the advantage of a block mixture model for the simultaneous identification of latent gene clusters or latent genotypes from high-dimensional genes** × **high-dimensional genotype expression data. Second, by considering all possible combinations, existing eQTL mapping is based on a single marker/single gene association analysis, which neglects the complex correlations of different genes. Our model regresses tens of thousands of genes on marker genotypes by virtue of a clustering procedure, allowing the differences of gene expression levels for each cluster to be compared and tested between different genotypes at an eQTL.

After significant eQTLs were found by the block mixture model, we have formulated a detailed procedure of testing how a specific eQTL controls individual gene clusters and their causal relationships. This procedure includes several hypothesis tests of fundamental biological relevance. For example, how a single eQTL pleiotropically affects multiple gene clusters can be tested; by testing all eQTLs a pleiotropic network of genetic control can be charted, greatly enhancing our understanding of the genetic architecture of gene expression. For a gene cluster of particular biological function, how many eQTLs are involved can be tested. This allows us to illustrate a polygenic picture of gene expression. We can also test whether there exist significant eQTL** × **gene cluster interactions. The same eQTL may affect two gene clusters differently through altering the magnitude or direction of expression levels from one gene to another. In sum, the new model, beyond existing clustering and mapping approaches, provides an unprecedented opportunity to understand the genetic variation of gene expression in depth.

We applied the new model to reanalyze the genetic data of gene expression collected by Rockman *et al.*[@b5] in a mapping population of 208 recombinant inbred advanced intercross lines derived from a controlled cross of two *C. elegans* strains. In the original study, the authors identified thousands of significant eQTLs by using a regression analysis of single transcripts on single genes. The block mixture model classified 5,450 transcripts into 43 distinct clusters jointly based on 208 lines and identified 52 significant QTLs that determine the pattern of gene clustering. Each cluster can be regarded as a developmental module composed of many genes of similar function. It was found that each module is controlled by many eQTLs, and each eQTL pleiotropically affects multiple modules, but with the magnitude and direction of pleiotropic effects depending on the type of module ([Fig. 3](#f3){ref-type="fig"}). eQTLs were found to regulate the structure and organization of networks constructed by gene clusters, suggesting their critical role in mediating the regulatory mechanisms of cellular and biological processes. To validate the biological relevance of the discoveries by the block mixture model, we performed computer simulation by mimicking the data structure of the mapping study for *C. elegans*. The model has adequate power for eQTL identification and displays low false positive rates.

The model can be extended to tackle three important issues in eQTL mapping. First, increasing studies have considered the genetic control of dynamic gene expression during cell and organ development[@b6]. Functional clustering, aimed to classify gene expression profiles based on their dynamic changes using parametric or nonparametric approaches[@b27][@b28][@b29], can be integrated with the block mixture model, which allows dynamic eQTLs for gene clustering to be characterized. Second, to study how the organism responds to changing environment, gene expression experiments frequently include multiple environments or multiple tissues[@b24][@b25][@b26]. The implementation of the block mixture model with multiple environments enables us to understand the impact of genotype-environment interactions on regulatory machineries. Third, eQTL mapping with single or pairs of markers may confound the effects of individual eQTLs that are linked with other eQTLs. High-dimensional variable selection approaches have been developed to analyze the genetic association of a phenotypic trait with a high-dimensional set of markers at the same time through penalized regression[@b30][@b31][@b32]. By incorporating these approaches into the block mixture model, we will be in an excellent position to draw a precise picture of the genetic architecture of gene expression contributed by eQTLs.

Methods
=======

In the [supplementary text](#S1){ref-type="supplementary-material"}, we provide the details on the derivation and implementation of a block mixture used to map eQTLs for gene clustering. Here, we describe the basic procedure of the model derivation which can be understood without heavy statistical knowledge. From this derivation we build up a joint framework that integrates gene clustering and eQTL mapping for a mapping population.

Data structure
--------------

The data for the joint clustering and mapping framework construction is characterized by an *n*** × ***m* matrix, expressed as

where *x*~*ij*~ denotes the gene expression level of individual *i* from a mapping population on transcript *j*. The data **X** contains two independent latent variables, i.e., the row label and the column label . As the latent variable of gene transcripts, **w** is composed of *w*~*j*,~ the label variable of column or gene *j* (*j* = 1, ..., *m*), being i.i.d. from gene cluster 1 to *L* with probability . Representing the latent genotype variable of individuals, **z** is clustered on a given eQTL *ζ*, bracketed by two flanking markers *η* and *η* + 1. The row label in terms of *ζ* 's *K* latent genotypes will depend on the genotypes of the flanking markers and the position of *ζ* within the marker interval, with probability for individual *i* to carry the *k*th genotype, expressed as where *ρ* measures the eQTL's position, described by the recombination fractions between the two markers and eQTL.

Composite likelihood
--------------------

We assume normal mixture components for DNA microarray. Specifically, we assume that given the row label **z** and column label **w**, data are independent with univariate normal distribution . Let denote the corresponding density functions, where . Then, the likelihood function

where Z and W denote the sets of all possible combinations of **z** and **w**, and contains the unknown parameters to be estimated (in practice we fix *p*~*ik*~ so that **Θ** does not contain *p*~*ik*~). The corresponding composite likelihood function can be written as

Under the setting of a block mixture model, both rows and columns are exchangeable but not independent, which characterizes the form of dependence among transcripts.

Estimation via the EM algorithm
-------------------------------

The maximum composite likelihood estimation of Θ can be estimated by a similar two-layer EM algorithm described in the [supplementary text](#S1){ref-type="supplementary-material"}. In the E step, we calculate the weights in the surrogate function at iteration *t*, expressed as

In the M step, we can further maximize the surrogate function from the estimated weights in the E step. The basic optimization techniques lead to

and

In eQTL interval mapping, the number of row components is fixed for a specific mapping population derived from a controlled cross, but the number of column components needs to be determined. By fixing the number of row components, we first implement the composite likelihood BIC to determine the optimal number of column components, from which we integrate interval mapping to map eQTLs through the entire genetic linkage map.

Hypothesis tests
----------------

After the maximum composite likelihood of the parameters are obtained, biologically meaningful hypotheses can be tested on the basis of the composite log-likelihood ratio test statistic. Here, we consider only a simple backcross design, i.e., *K* = 2. These hypothesis tests include

1\. Testing whether an eQTL affects the expression level of at least one cluster, which can be formulated as

If the *H*~0~ is rejected, it means the the eQTL significantly affects the expression of all clusters.

2\. Testing whether an eQTL affects the expression level of a given gene cluster. For a cluster , the hypothesis can be formulated as

If the *H*~0~ is rejected, it means the eQTL significantly affects the expression of this particular cluster.

3\. Testing whether an eQTL affects cluster-dependent difference in gene expression, which can be formulated as

If the *H*~0~ is rejected, it means the eQTL significantly affects the difference of gene expression between different clusters.

4.Testing whether an eQTL affects cluster-structure, which can be formulated as

If the *H*~0~ is rejected, it means the eQTL significantly affects the gene expression between different clusters in the same genotype.

The test statistics for hypothesis tests (11)--(14) are calculated as the log composite likelihood ratio of the full over reduced model:

where and denote the maximum composite likelihood estimates under the *H*~0~ and *H*~1~, respectively. Permutation tests are used to determine the empirical genome-wide critical threshold.
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![Plot of composite likelihood BIC values over the number of gene clusters identified by the block mixture model.](srep21193-f1){#f1}

![The genome-wide identification of significant eQTLs over six chromosomes (outer circle) in *C. elegans* by the block mixture model.\
The red line (inner circle) is the genome-wide critical threshold at the 5% significance level determined from permutation test. Significant eQTL spots, denoted by Roman letters with subscripts, were detected in chromosome II, III, IV, and X.](srep21193-f2){#f2}

![Distribution of significant genetic effects on 43 gene clusters by 52 eQTLs located on chromosome II, III, IV, and X in *C. elegans*, combined with gene cluster sizes.](srep21193-f3){#f3}

![Significant genotype by cluster interactions at eQTL IV~2~ 6260291 expressed as difference in the magnitude (**A**) of genetic effect or the direction (**B**) of genetic effect on different gene clusters. At an eQTL, there are two homozygous genotypes each with the two same alleles inherited from a parent, a laboratory strain (N2) or a wild isolate (CB4856).](srep21193-f4){#f4}

![Ubiquitous occurrence of eQTL by cluster interactions over all possible pairs of clusters.\
Green and red lines denote genotype by cluster interactions due to difference in the magnitude and direction of genetic effects, respectively, on a particular cluster pair. The thickness of the lines are proportional to the frequency of genotype by cluster interactions at 52 eQTLs.](srep21193-f5){#f5}

![Heatmaps of 43 gene clusters who co-expression pattern varies depending on the genotype at an eQTL.\
Examples are derived from VI~1~ 6461993 (**A**) and X~1~ 16327274 (**B**), at each of which two homozygous genotypes each with the two same alleles were inherited from a parent, a laboratory strain (N2) or a wild isolate (CB4856).](srep21193-f6){#f6}

![Regulatory network of 43 gene clusters for the overall mapping population (**A**), but with structure and organization affected by eQTLs, e.g., VI~1~ 6461993 (**B**) and X~1~ 16327274 (**C**), at each of which two homozygous genotypes each with the two same alleles were inherited from a parent, a laboratory strain (N2) or a wild isolate (CB4856). Green and red lines denote positive and negative correlations between two particular clusters, respectively, with the thickness of lines associated with the degree of correlation.](srep21193-f7){#f7}

![ROC curves for hotspots detection using block mixture model (green line), MOM[@b15] (brown line), and M-SPLS[@b14] (purple star) from 500 simulated replicates.\
For M-SPLS, type I error and power were calculated conditionally on the penalized latent vector components.](srep21193-f8){#f8}
